Introduction
In this paper we provide an affirmative answer to a question formulated in [10] . Let Y ⊆ P N (dim Y = m + 1) be an irreducible smooth complex projective variety embedded in a projective space P N , Z be a closed subscheme of Y , and δ be a positive integer such that I Z,Y (δ) is generated by global sections. Assume that for d ≫ 0 the general divisor X ∈ |H 0 (Y, I Z,Y (d))| is smooth. In the paper [10] it is proved that this is equivalent to the fact that the strata Z {j} = {x ∈ Z : dim T x Z = j}, where T x Z denotes the Zariski tangent space, satisfy the following inequality:
(1) dim Z {j} + j ≤ dim Y − 1 for any j ≤ dim Y. The Authors of [10] observed that a proof for such a conjecture would confirm the expectation above and would reduce the Hodge conjecture for the general hypersurface X t ∈ |H 0 (Y, 
Here we define H m (X; Q) 
The proof of Theorem 1.1 will be given in Section 4 and consists in a Lefschetz type argument applied to the image of the rational map on Y associated to the linear system |H 0 (Y, I W,Y (d))|, which turns out to have at worst isolated singularities.
This approach was started in our paper [2] where we proved a particular case of Theorem 1.1, but the proof given here is independent and much simpler. We begin by proving Conjecture 1 as a consequence of Theorem 1.1, and next we prove Theorem 1.1. We keep the same notation we introduced before, and need further preliminaries.
) be a subspace generating I Z,Y (δ), and (ii) In the case m > 2, fix a smooth
general hypersurface of degree l ≫ 0, and put Z ′ := Z ∩H and
Similarly as we did for the triple (Y, X, Z), using the orthogonal decomposition 
Im(ι * t ) is globally invariant under the monodromy action on the cohomology of the smooth fibers of ψ. Finally, we recall that the inclusion map ι t defines a Gysin map ι [5] , p. 382, Example 19.2.1).
Remark 2.2. Fix a smooth G ∈ |V δ |, and assume m ≥ 2. The linear system |V d | induces an embedding of G\Z in some projective space: denote by Γ the image of G\Z through this embedding. Since G\Z is irreducible, then also Γ is, and so is its general hyperplane section, which is isomorphic to (G ∩ X)\Z via |V d |. So we see that, when m ≥ 2, for any smooth G ∈ |V δ | and any general X ∈ |V d |, one has that W \Z is irreducible. In particular, when m > 2, then also W is irreducible.
So we may identify the pull-back (2), we may identify 
We are in position to prove Conjecture 1. Fix a smooth G ∈ |V δ |, and a general
Since the monodromy group of the family of smooth divisors
W is a subgroup of the monodromy group of the family of smooth divisors 
where C is the residual curve, with respect to
, and this cycle comes from So we have the following orthogonal decomposition:
Let J be the local system on U with fibre given by
We will prove (4) shortly after. From (4) and Lemma 2.3 we get an isomorphism:
and that the Gysin map
and H m−2 (Z ′ ; Q) are simply generated by the components which are of dimension m or m − 2 of Z and Z ′ (if there are)), one sees that the natural map
, and
van W . So, to conclude the proof of Proposition 2.4, it remains to prove claim (4) . To this purpose first notice that Im(ι *
Therefore we obtain Im(ι * ) ⊇ J , from which we deduce that Im(ι * ) = J . In fact, otherwise, since by induction
is arbitrarily large (by the way, we notice that the same argument proves that J is nothing but the invariant part of R m−2 (ψ |U ) * Q).
A Monodromy Theorem
In this section we prove a monodromy theorem (see Theorem 3.1 below), which we will use in next section for proving Theorem 1.1, and that we think of independent interest.
Let Q ⊆ P be an irreducible, reduced, non-degenerate projective variety of dimension m+1 (m ≥ 0), with isolated singular points q 1 , . . . , q r . Let L ∈ G(1, P * ) be a general pencil of hyperplane sections of Q, and denote by Q L the blowing-up of Q along the base locus of L, and by f : Q L → L the natural map. The ramification locus of f is a finite set {q 1 , . . . , q s } := Sing(Q) ∪ {q r+1 , . . . , q s }, where {q r+1 , . . . , q s } denotes the set of tangencies of the pencil. Set a i := f (q i ), 1 ≤ i ≤ s (compare with [13] , p. 304). The restriction map f :
is a smooth proper map. Hence the fundamental group π 1 (L\{a 1 , . . . , a s }, t) (t = general point of L) acts by monodromy on Q t := f −1 (t), and so on H m (Q t ; Q). By [11] , p. 165-167, we know that f : Q L \f −1 ({a 1 , . . . , a s }) → L\{a 1 , . . . , a s } induces an orthogonal decomposition: H m (Q t ; Q) = I ⊥ V , where I is the subspace of the invariant cocycles, and V is its orthogonal complement.
In the case Q is smooth, a classical basic result in Lefschetz Theory states that V is generated by "standard vanishing cycles" (i.e. by vanishing cycles corresponding to the tangencies of the pencil). This implies the irreducibility of V by standard classical reasonings ( [8] , [14] ). Now we are going to prove that it holds true also when Q has isolated singularities. This is the content of the following Theorem 3.1, for which we didn't succeed in finding an appropriate reference (for a related and somewhat more precise statement, see Proposition 3.4 below). (ii) When Q is a curve, i.e. when m = 0, then Theorem 3.1 follows from the well known fact that the monodromy group is the full symmetric group (see [1] , pg. 111). So we assume from now on that m ≥ 1.
(iii) When Q is a cone over a degenerate and necessarily smooth subvariety of P, then f : Q L → L has only one singular fiber f −1 (a 1 ) (i.e. s = 1). In this case π 1 (L\{a 1 }, t) is trivial. Therefore we have that H m (Q t ; Q) = I, V = 0, and Theorem 3.1 follows.
Before proving Theorem 3.1, we need some preliminaries. We keep the same notation we introduced before.
Using standard arguments (compare with [14] , p. 325, Corollaire 14.23) one deduces a natural isomorphism:
Q L → L, and t 1 = t another regular value of g.
(ii) For any critical value a i of L fix a closed disk ∆ i ⊂ L\{t 1 } ∼ = C with center a i and radius 0 < ρ ≪ 1. As in [8] , (5.3.1) and (5.3.2), one may prove that
. By (5) we have:
where we denote by
the subspace generated by the standard vanishing cocycle δ i corresponding to a tangent hyperplane section of Q (see [8] , [14] , [13] ).
(iii) Consider again the pencil f : Q L → L, and let P L be the blowing up of P along the base locus B L . For any i ∈ {1, . . . , s}, denote by D i ⊂ P L a closed ball with center q i and small radius ǫ.
represents the subspace spanned by the cocycles "coming" from the singularities of Q, and lying in the Milnor fibre f −1 (a i + ρ) ∩ D i . When r + 1 ≤ i ≤ s, i.e. when a i corresponds to a tangent hyperplane section of Q, then V i = M i . In general we have:
This is a standard fact, that one may prove as in ( [9], (7.13) Proposition). For Reader's convenience, we give the proof of property (7) in the Appendix, at the end of the paper.
Now we are going to prove Theorem 3.1
Proof of Theorem 3.1. Let π : F → P * (F ⊆ P * × P) be the universal family parametrizing the hyperplane sections of Q ⊆ P, and denote by D ⊆ P * the discriminant locus of π, i.e. the set of hyperplanes H ∈ P * such that Q ∩ H is singular.
At least set-theoretically, we have D = Q * ∪ H 1 ∪ · · · ∪ H r , where Q * denotes the dual variety of Q, and H j denotes the dual hyperplane of q j (compare with [13] , p. 303).
When the codimension of Q * in P * is 1, denote by T t the stalk at t ∈ P * \D of the local subsystem of R m (π| π −1 (P * \D) ) * Q generated by the vanishing cocycle at general point of Q * (compare with [10] , p. 373, or [13] , p. 306). If the codimension of Q * in P * is ≥ 2, put T t := {0}. In order to prove Theorem 3.1 it suffices to prove that V = T (T := T t ). By Deligne Complete Reducibility Theorem ( [11] , p. 167), we may write H m (Q t ; Q) = W ⊕ T , for a suitable invariant subspace W . Now we claim the following proposition, which we will prove below:
Proposition 3.4. The monodromy representation on the quotient local system with stalk H m (Q t ; Q)/T t at t ∈ P * \D is trivial.
By previous Proposition 3.4 it follows that for any g ∈ π 1 (L\{a 1 , . . . , a s }, t) and any w ∈ W there exists τ ∈ T such that w g = w + τ . Then τ = w g − w ∈ T ∩ W = {0}, and so w g = w. Therefore W is invariant, i.e. W ⊆ I, and since T ⊆ V and
It remains to prove Proposition 3.4. To this aim, we need some preliminaries. We keep the same notation we introduced before.
Consider again the universal family π : F → P * parametrizing the hyperplane sections of Q ⊆ P. We will denote by H x the hyperplane parametrized by x ∈ P * .
Fix a point q i ∈ Sing(Q) (hence i ∈ {1, . . . , r}). For general L, q i is not a base point of the pencil defined by L, hence Q L ∼ = Q over q i . Combined with the inclusion Q L ⊆ F, we thus have a natural lift of q i to a point of F , still denoted by q i .
Remark 3.5. If Q * is contained in H j for some j ∈ {1, . . . , r}, then Q * is degenerate in P * , and so Q = Q * * is a cone in P. Therefore, if Q is not a cone, then Q * is not contained in H j for any j ∈ {1, . . . , r}. In this case, for a general line ℓ ⊆ H i , the set ℓ ∩ Q * is finite, and for any x ∈ ℓ, H x ∩ Q has an isolated singularity at q i .
Notations 3.6. (i) Let ℓ ⊆ H i be a general line. For any u ∈ ℓ ∩ Q * , denote by ∆
• u an open disk of ℓ with center u and small radius. Consider the compact K := ℓ\( u∈ℓ∩Q * ∆ • u ). In the Appendix below (see Lemma 5.1) we prove that there is a closed ball D qi ⊆ P * × P, with positive radius and centered at q i , such that for any x ∈ K the distance function p ∈ H x ∩ Q ∩ D qi → ||p − q i || ∈ R has no critical points p = q i (we already proved a similar result in [2] , Lemma 3.4, (v)). By ( [9] , pp. 21-28) it follows that for any x ∈ K there is a closed ball C x ⊆ P * centered at x, for which the induced map
Milnor fibration, with discriminant locus given by H i ∩ C x . Since K is compact, we may cover it with finitely many of such C x 's. So we deduce the existence of a connected closed tubular neighborhood K of K in P * , such that the map:
defines a C ∞ -fiber bundle on K\H i , and whose fibre π
, may be identified with the Milnor fibre.
(ii) Let M i be the local system with fibre M i,t at t ∈ K\D given by the image of
on all L ∩ (K\D) (compare with Notations 3.3, (iii)). In particular we may assume
We are in position to prove Proposition 3.4. We keep the same notation we introduced before.
Proof of Proposition 3.4. As in ( [13] , proof of Theorem (2.2)), we need to consider only the action of π 1 (P * \( 1≤j≤r H j ), t).
Consider the finite set A := ℓ ∩ ( j =i H j ), and let a ∈ A be a point. In view of Remark 3.2, (iii), and Remark 3.5, we may assume that H a ∩ Q has an isolated singularity at q i . Notice that, a priori, it may happen that a ∈ ℓ ∩ Q * and so a / ∈ K. But in any case, since H a ∩ Q has an isolated singularity at q i , as before, for any a ∈ A we may construct a closed ball D (a) qi ⊆ P * × P, with positive radius and centered at q i , and a closed ball C a ⊆ P * centered at a, for which the induced map
is a Milnor fibration with discriminant locus contained in H i ∪ Q * . We may assume
qi for any a ∈ A, and, shrinking the disks ∆
we may also assume that the interior
, the bundle (8) appears as a subbundle of (9) .
Observe that the image in H m (Q t ; Q)/T t of the cohomology of (9) coincides
. This implies that, in a suitable small analytic neighborhood L of ℓ in P * , the quotient local system (M i,t + T t )/T t extends on all L\D. Taking into account Picard-Lefschetz formula, and that the discriminant locus of (9) is contained in H i ∪ Q * , we have that π 1 (P * \D, t) acts trivially on (M i,t + T t )/T t . This holds true for any i ∈ {1, · · · , r}. Hence, in view of (6) and (7), it follows that the monodromy action is trivial on H m (Q t ; Q)/T t .
This concludes the proof of Proposition 3.4.
By standard classical reasonings as in [8] or [14] , from Theorem 3.1 we deduce the following:
Proof. Let {0} = V ′ ⊂ V be an invariant subspace. As before, we may write
On the other hand, one knows that V is nondegenerate with respect to the intersection form < ·, · > on Q t ( [11] , p.167). Therefore, for some i ∈ {r + 1, . . . , s},
the Picard-Lefschetz formula it follows that the tangential vanishing cycle δ i lies in
with [8] , [9] , [13] , [14] ), and this is in contrast with the fact that {0} = V ′ . Hence .
with Θ ∩ Γ = ∅. The line bundle O E (Θ) is base point free and the corresponding morphism E → P(H 0 (E, O E (Θ)) * ) sends E to a cone over the Veronese variety of Y
in such a way that Γ is contracted to the vertex v ∞ and Θ to a general hyperplane section. In other words, we may view 
( van ⊥W . The proof consists in an application of previous Corollary 3.7 to the variety Q ⊆ P defined in (10) . We keep the same notation we introduced in 4.1.
Proof of Theorem 1.1. Consider the variety Q ⊆ P defined in (10) . By the description of it given in 4.1, we know that Q is an irreducible, reduced, non-degenerate projective variety of dimension m + 1 ≥ 2, with isolated singularities.
Let L ∈ G(1, P * ) be a general pencil of hyperplane sections of Q, and denote by 
